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2gravitational and matter degrees of freedom into a con-
strained hamiltonian system, with the ADM mass at in-
nity playing the role of the total (\gravity + matter")
Hamiltonian. Finally, the structure of constraints is an-
alyzed in Section VIII. To clarify the exposition of ge-
ometric and physical ideas some of the technical proofs
have been shifted to the Appendix.
II. INTRINSIC GEOMETRY OF A NULL
HYPERSURFACE
A null hypersurface in a Lorentzian space-time M is
a three-dimensional submanifold S  M such that the
restriction g
ab
of the space-time metrics g

to S is de-
generate.
We shall often use adapted coordinates, where coordi-
nate x
3
is constant on S. Space coordinates will be la-
beled by k; l = 1; 2; 3; coordinates on S will be labeled by







is a Cauchy surface corresponding to constant value
of the \time-like" coordinate x
0
= t) will be labeled by
A;B = 1; 2. Space-time coordinates will be labeled by
Greek characters ; ; ; .
The non-degeneracy of the space-time metric implies
that the metric g
ab
induced on S from the spacetime met-
ric g

has signature (0;+;+). This means that there is a
non-vanishing null-like vector eld X
a
on S, such that its
four-dimensional embedding X

to M (in adapted coor-
dinates X
3











vanishes on vectors tangent to S





 0 : (2.1)
It is easy to prove (cf. [10]) that integral curves of X
a
,
after a suitable reparameterization, are geodesic curves
of the space-time metric g

. Moreover, any null hy-
persurface S may always be embedded in a 1-parameter
congruence of null hypersurfaces.





Since our considerations are purely local, we x the ori-
entation of the R
1
component and assume that null like
vectors X describing degeneracy of the metric g
ab
of S
will be always compatible with this orientation. More-
over, we shall always use coordinates such that the coor-
dinate x
0





> 0 holds. In these coordinates degeneracy
















, inverse to g
AB
.









then for any degeneracy eld X of g
ab









is a scalar density on S. Its denition does not depend
upon the coordinate system (x
a
) used in the above de-
nition. To prove this statement is suÆcient to show that
the value of v
X
gets multiplied by the determinant of the
Jacobi matrix when we pass from one coordinate system










is a coordinate-independent dierential three-form on S.
However, v
X
depends upon the choice of the eld X.





is a well dened (i.e., coordinate-independent) vector-
density on S. Obviously, it does not depend upon any








Hence, it is an intrinsic property of the internal geometry
g
ab





is, therefore, an invariant, X-independent, scalar density
on S. Mathematically (in terms of dierential forms),














whereas the divergence represents its exterior derivative











ticular, a null surface with vanishing dL is called a non-
expanding horizon (see [8]).
Both objects L and v
X
may be dened geometri-
cally, without any use of coordinates. For this purpose
we note that at each point x 2 S, the tangent space
T
x
S may be quotiented with respect to the degener-
acy subspace spanned by X. The quotient space carries
a non-degenerate Riemannian metric and, therefore, is
equipped with a volume form ! (its coordinate expres-




). The two-form L is
equal to the pull-back of ! from the quotient space to
T
x
S. The three-form v
X
may be dened as a product:
v
X
=  ^ L, where  is any one-form on S, such that
< X; > 1.
The degenerate metric g
ab
on S does not allow to de-
ne via the compatibility condition rg = 0, any natural
connection, which could apply to generic tensor elds on
S. Nevertheless, there is one exception: we are going to
show that the degenerate metric denes uniquely a cer-
tain covariant, rst order dierential operator which will
be extensively used in our paper. The operator may be
























. Its denition cannot be extended
to other tensorial elds on S. Fortunately, as will be seen,
3extrinsic curvature of a null-like surface and the energy-
momentum tensor of a null-like shell are described by
tensor-densities of this type.






dened by means of the four dimensional metric con-




, take any its extension H

to a four-
dimensional, symmetric tensor density, \orthogonal" to
S, i.e. satisfying H
?
= 0 (\?" denotes the component





as the restriction to S






will be seen in the sequel, ambiguities which arise when
extending three dimensional objectH
a
b
living on S to the
four dimensional one, cancel nally and the result is un-
ambiguously dened as a covector-density on S. It turns
out, however, that this result does not depend upon the
space-time geometry and may be dened intrinsically on
S. This is why we rst give this intrinsic denition, in
terms of the degenerate metric.
In case of a non-degenerate metric, the covariant diver-
gence of a symmetric tensor H density may be calculated




































. In case of our degenerate metric, we




makes no sense. Nevertheless, formula (2.6) may
be given a unique sense also in the degenerate case, if




and (2.5). Namely, we take as H
ac
any symmetric tensor
density, which reproduces H
a
b









It is easily seen, that such a tensor-density always ex-












also satises (2.7) if H
ac
does. Conversely, two such
symmetric tensors H
ac





. This non-uniqueness does not inuence the

















































The right-hand-side does not depend upon any choice
of coordinates (i.e., transforms like a genuine covector-
density under change of coordinates). The proof is
straightforward and does not dier from the standard
case of formula (2.6), when metric g
ab
is non-degenerate.
To express directly the result in terms of the origi-
nal tensor density H
a
b
, we observe that it has ve inde-





















































































































:= 0 : (2.15)
It is easy to observe that any H
ab
satisfying (2.7) must












The non-uniqueness in the reconstruction of H
ab
is,
therefore, completely described by the arbitrariness in
the choice of the value of H
00






















































The operator on the right-hand side of (2.17) may thus




on S with respect to its degenerate metric g
ab
. We
have just proved that it is well dened (i.e., coordinate-





Equation (2.9) suggests yet another denition of the
covariant divergence operator. At a given point x 2 S
choose any coordinate system, such that derivatives of
the metric components g
ac
vanish at x, i.e., g
ac;b
(x) = 0.
Such a coordinate system may be called inertial. The
covariant divergence may thus be dened as a partial di-











. Ambiguities in the choice of an inertial system do






. However, it may be easily checked
that they are suÆciently mild for an unambiguous deni-
tion of the divergence (cf. Remark at the end of Section
V).
4The above two equivalent denitions of the operator r
use only the intrinsic metric of S. We want to prove now
that they coincide with the denition given in terms of
the four dimensional space-time metric-connection. For
that purpose observe, that the only non-uniqueness in
the reconstruction of the four-dimensional tensor density
of H





. Indeed, any such recon-




= 0 in a coordinate system adapted to
S (i.e., such that the coordinate x
3
remains constant on








. Due to the geodesic character of
integral curves of the eld X, the only non-uniqueness









to S is already unique.




































III. EXTRINSIC GEOMETRY OF A NULL
HYPERSURFACE. GAUSS-CODAZZI
EQUATIONS
To describe exterior geometry of S we begin with co-
variant derivatives along S of the \orthogonal vector X".




. Unlike in the non-degenerate
case, there is no unique \normalization" of X and, there-
fore, such an object does depend upon a choice of the
eld X. The length of X is constant (because vanishes).
Hence, the tensor is again orthogonal to S, i.e., the com-
ponents corresponding to  = 3 vanish identically in





three dimensional tensor living on S. For our purposes
it is useful to use the \ADM-like" version of this object,


























where s := sgn g
03




(X) feels only external orienta-
tion of S and does not feel any internal orientation of the
eld X.
Remark: If S is a non-expanding horizon, the last
term in the above denition vanishes.
The last term in (3.1) is X-independent. It has been














): we prove in the Ap-




identities (2.4){(2.5) and, therefore, its covariant diver-
gence with respect to the degenerate metric g
ab
on S is
uniquely dened. This divergence enters into the Gauss-
Codazzi equations which we are going to formulate now.
Gauss-Codazzi equations relate the divergence of Q with
the transversal component G
?
b



















sal component of such a tensor-density is a well dened
three-dimensional object living on S. In coordinate sys-
tem adapted to S, i.e., such that the coordinate x
3
is






. Due to the fact that
G is a tensor-density, components G
3
b
do not change with
changes of the coordinate x
3
, provided it remains con-
stant on S. These components describe, therefore, an
intrinsic covector-density living on S.
Proposition 1. The following null-like-surface version





























, is a scalar function. Its gradi-
ent is a co-vector eld. Finally, multiplied by the density
v
X
, it produces an intrinsic co-vector density on S. This
proves that also the left-hand-side is a well dened, geo-
metric object living on S.
To prove consistency of (3.2), we must show that the
left-hand side does not depend upon a choice of X.
For this purpose consider another degeneracy eld: fX,















































































































































which proves that the left hand side of (3.2) does not
depend upon any choice of the eld X. The complete





In non-degenerate case, there are four independent Gauss-
Codazzi equations: besides G
?
b




with (external and internal) geometry of S. In de-
generate case, vector orthogonal to S is|at the same time|
tangent to it. Hence, G
?
?




there are only three independent Gauss-Codazzi equations.
5IV. BIANCHI IDENTITIES FOR SPACE-TIMES
WITH DISTRIBUTION VALUED CURVATURE
In this paper we consider a space-time M with distri-
bution valued curvature tensor in the sense of Taub [11].
This means that the metric tensor, although continuous,
is not necessarily C
1
-smooth across S: we assume that
the connection coeÆcients  


may have only step dis-
continuities (jumps) across S. Formally, we may calcu-
late the Riemann curvature tensor of such a spacetime,
but derivatives of these discontinuities with respect to
the variable x
3























where by Æ we denote the Dirac distribution (in order to
distinguish it from the Kronecker symbol Æ) and by [f ] we
denote the jump of a discontinuous quantity f between
the two sides of S. Above formula is invariant under
smooth transformations of coordinates. There is, how-
ever, no sense to impose such a smoothness across S. In
fact, the smoothness of spacetime is an independent con-
dition on both sides of S. The only reasonable assump-
tion imposed on the dierentiable structure of M is that
the metric tensor|which is smooth separately on both
sides of S|remains continuous
2
across S. Admitting co-
ordinate transformations preserving the above condition,
we loose a part of information contained in quantity (4.1),
which becomes now coordinate-dependent. It turns out,
however, that another part, namely the Einstein tensor-
density calculated from (4.1), preserves its geometric, in-
trinsic (i.e., coordinate-independent) meaning. In case of
a non-degenerate geometry of S, the following formula














 0 ; (4.3)
and the \tangent-to-S" part G
ab
equals to the jump of
the ADM extrinsic curvature Q
ab
of S between the two






This quantity is a purely three-dimensional, symmetric
tensor-density living on S. When multiplied by the one-
dimensional density Æ(x
3
) in the transversal direction, it
2
Many authors insist in relaxing this condition and assuming only
the continuity of the three-dimensional intrinsic metric on S. We
stress that the (apparently stronger) continuity condition for the
four-dimensional metric does not lead to any loss of generality
and may be treated as an additional, technical gauge imposed
not upon the physical system but upon its mathematical param-
eterization. We discuss thoroughly this issue in a Remark at the
end of the present Section.
produces the four-dimensional tensor density G according
to formula (4.2).
Now, let us come back to the case of our degenerate
surface S. One of the goals of the present paper is to
prove, that formulae (4.2) and (4.3) remain valid also in
this case. In particular, the latter formula means that
the four-dimensional quantity G

reduces in fact to an
intrinsic, three-dimensional quantity living on S. How-
ever, formula (4.4) cannot be true, because|as we have
seen|there is no way to dene uniquely the object Q
ab
for the degenerate metric on S. Instead, we are able to












the two sides of the singular surface. Observe that this
quantity does not depend upon any choice of X. Indeed,
formula (3.3) shows that Q changes identically on both
sides of S when we change X and, hence, these changes




the Einstein tensor is well dened.
Remark: Otherwise as in the non-degenerate case,
the contravariant components G
ab
in formula (4.2) do
not transform as a tensor-density on S. Hence, the quan-
tity dened by these components would be coordinate-
dependent. According to (4.5), G becomes an intrin-
sic 3-dimensional tensor-density on S only after lowering
an index, i.e., in the version of G
a
b
. This proves that
G

may be reconstructed from G
a
b





only. We stress that the dynamics of the
shell, which we discuss in the sequel, is unambiguously





Proofs of the above facts are given in the Appendix A.
We conclude that the total Einstein tensor of our
spacetime is a sum of the regular part
3
reg(G) and the



















). Due to (2.8), the following four-
































We are going to prove that this quantity vanishes iden-
tically. Indeed, the regular part of this divergence
vanishes on both sides of S due to Bianchi identities:
3
The regular part is a smooth tensor density on both sides of the
surface S (calculated for the metric g separately) with possible






)  0. As a next step we observe that the sin-
gular part is proportional to Æ(x
3
), i.e., that the Dirac
delta contained in sing(G) will not be dierentiated, when
we apply the above covariant derivative to the singular




only the covariant divergence of G along S (multiplied
by Æ(x
3






, when applied to the (piecewise continuous) regular


























)  0 ; (4.8)
and vanishes identically due to the Gauss-Codazzi equa-
tion (3.2), when we calculate its jump across S. Hence,






universally (in the sense of distributions) for spacetimes
with singular, light-like curvature.
It is worthwhile to notice that the last term in deni-
tion (3.1) of the tensor-density Q of S is identical on its
both sides. Hence, its jump across S vanishes identically.






















Remark: Possibility of dening the singular Ein-
stein tensor and its divergence via the standard for-
mulae of Riemannian geometry (but understood in the
sense of distribution!) simplies considerably the math-
ematical description of the theory. This techniques is
based, however, on the continuity assumption for the
four-dimensional metric. This is not a geometric or phys-
ical condition imposed on the system, but only the co-
ordinate (gauge) condition. Indeed, whenever the three-
dimensional, internal metric on S is continuous, also the
remaining four components of the total metric can be
made continuous by a simple change of coordinates. In
this new coordinate system we may use our techniques
based on the theory of distributions and derive both the
Lagrangian and the Hamiltonian version of the dynam-
ics of the total (\gravity + shell") system. As will be
seen in the sequel, the dynamics derived this way does
not depend upon our gauge condition and is expressed
in terms of equations which make sense also in general
coordinates. As an example of such an equation consider
(4.5) which|even if derived here by technique of distri-
butions under more restrictive conditions|remains valid
universally. We stress that even in a smooth, vacuum
spacetime (no shell at all!) one can consider non-smooth
coordinates, for which only the internal metric g
ab
on a
given surface, say fx
3
= Cg, is continuous, whereas the
remaining four components g
3
may have jumps. The en-
tire Canonical Gravity may be formulated in these coor-
dinates. In particular, the Cauchy surfaces fx
0
=const.g
would be allowed to be non-smooth here. Nobody uses
such a formulation (even if it is fully legitime) because
of its relative complexity: the additional gauge condition
imposing the continuity of the whole four-dimensional
metric makes life much easier!
V. ENERGY-MOMENTUM TENSOR OF A
LIGHT-LIKE MATTER.
BELINFANTE-ROSENFELD IDENTITY
The goal of this paper is to describe interaction be-
tween a thin light-like matter-shell and the gravitational
eld. We derive all the properties of such a matter from
its Lagrangian density L. It may depend upon (non-
specied) matter elds z
K
living on a null-like surface S,



















We assume that L is an invariant scalar density on
S. Similarly as in the standard case of canonical eld
theory, invariance of the Lagrangian with respect to
reparametrizations of S implies important properties of
the theory: the Belinfante-Rosenfeld identity and the
Noether theorem, which will be discussed in this Section.
To get rid of some technicalities, we assume in this paper
that the matter elds z
K
are \spacetime scalars", like,
e.g., material variables of any thermo-mechanical theory
of continuous media (see, e.g., [12, 14]). This means that
the Lie derivative L
Y
z of these elds with respect to a











The following Lemma characterizes Lagrangians which
fulll the invariance condition:
Lemma V.1. Lagrangian density (5.1) concentrated on






z; g) ; (5.2)
where X is any degeneracy eld of the metric g
ab
on S
and f( ;  ; ) is a scalar function, homogeneous of degree
1 with respect to its second variable.
Proof of the Lemma and examples of invariant La-
grangians for dierent light-like matter elds are given
in Appendix C.
Remark: Because of the homogeneity of f with re-
spect to L
X
z, the above quantity does not depend upon
a choice of the degeneracy eld X.
Dynamical properties of such a matter are described by
its canonical energy-momentum tensor-density, dened
















It is \symmetric" in the following sense:




constructed from an invariant Lagrangian




































































































In case of a non-degenerate geometry of S, one con-
siders also the \symmetric energy-momentum tensor-
density" 
ab








In our case the degenerate metric fullls the constraint:
det g
ab
 0. Hence, the above quantity is not uniquely
dened. However, we may dene it, but only up to
an additive term equal to the annihilator of this con-





. Hence, ambiguity in the denition of the sym-
metric energy-momentum tensor is precisely equal to am-
biguity in the denition of T
ab
, if we want to reconstruct
it from the well dened object T
a
b
. This ambiguity is
cancelled when we lower an index. We shall prove in the
next theorem, that for eld congurations satisfying eld
equations, both the canonical and the symmetric tensors
coincide
4
. This is an analog of the standard Belinfante-
Rosenfeld identity (see [16]). Moreover, Noether theorem
(vanishing of the divergence of T ) is true. We summarize
these facts in the following:
4









  L  0, analogous to H = p _q   L in mechanics and
well adapted for Hamiltonian purposes. This convention diers
from the one used in [15], where energy is given by T
00
. To keep
standard conventions for Einstein equations, we take standard











Proposition 3. If L is an invariant Lagrangian and if
the eld conguration z
K
satises Euler-Lagrange equa-










= 0 ; (5.9)
then the following statements are true:























= 0 : (5.11)
Proof: Invariance of the Lagrangian with respect to
space-time dieomorphisms generated by a vector eld
Y on S means that transporting the arguments (z; @z; g)
of L along Y gives the same result as transporting di-



















































. Applying this and rear-




































= 0 : (5.13)
Due to Euler-Lagrangian equations (5.9) and to the de-
nitions (5.3) and (5.8) of both the energy-momentum ten-













= 0 : (5.14)
Our proof of this formula is valid in any coordinate sys-
tem. In particular, we may use such a system, for which
all partial derivatives of the metric vanish at a given point

















(x) = 0 is a coordinate-independent state-
ment: once proved in one coordinate system, it remains
valid in any other system. Repeating this for all points
x 2 S separately, we prove Noether theorem (5.11). Sub-





















, which vanishes when multiplied by g
ab;c
.
In the standard Riemannian or Lorentzian geometry of a
non-degenerate metric, the derivatives g
ab;c
may be freely
chosen at each point separately, which immediately im-
plies the Belinfante-Rosenfeld identity T =   . In our
case, the freedom in the choice of these derivatives is re-
stricted by the constraint. This is the only restriction.
Hence, the Belinfante-Rosenfeld identity is true only up
to the annihilator of these constraints, i.e., only in the
form of equation (5.10).
Remark: In non-degenerate geometry, vanishing of
derivatives of the metric tensor at a point x uniquely





), fulll this condition at x,
then second derivatives of x
a
with respect to y
b
vanish
identically at this point. Covariant derivative may thus
be dened as a partial derivative, but calculated with
respect to an inertial system, i.e., to any coordinate sys-
tem of this class. In our degenerate case, vanishing of
derivatives of the metric does not x uniquely the iner-





), for which g
ab;c









(x) 6= 0 :
This is why any attempt to dene covariant derivative
for an arbitrary tensor on S fails. This ambiguity is,
however, cancelled by algebraic properties of our energy-
momentum tensor, namely by identities (2.4) and (2.5).
This enables us to dene unambiguously the covariant di-
vergence of \energy-momentum-like" tensor-densities us-
ing formula (2.9).
VI. DYNAMICS OF THE TOTAL SYSTEM
\GRAVITY + SHELL": LAGRANGIAN VERSION
In this paper we consider dynamics of a light-like
matter-shell discussed in the previous Section, interact-
ing with gravitational eld. We present here a method
of derivation of the dynamical equations of the system,
which applies also to a massive shell and follows the ideas
of [12].
The dynamics of the \gravity + shell" system will be










is the sum of the gravitational action and the matter
action. Gravitational action, dened as integral of the
Hilbert Lagrangian, splits into the regular and the sin-



















Using formulae (4.2){(4.5), we express the singular part
of R in terms of the singular part of the Einstein tensor:
p












in the denition of G

is















For the matter Lagrangian L
matter
, we assume that it has
properties discussed in the previous Section. Finally, the



















where D is a four-dimensional region with boundary in
spacetime M which is possibly cut by a light-like three-
dimensional surface S (actually, because of the Dirac-
delta factor, the second term reduce to integration over
D \ S). Variation is taken with respect to the spacetime
metric tensor g

and to the matter elds z
K
living on
S. The light-like character of the matter considered here,
implies the light-like character of S (i.e., degeneracy of
the induced metric: det g
ab
= 0) as an additional con-
straint imposed on g.




gravitational action. There are many ways to calcu-
late variation of the Hilbert Lagrangian. Here, we use
a method proposed by one of us (see [9]). It is based on








































It is a matter of a simple algebra, that the last term
of (6.5) is a complete divergence. Namely, the following











































are not independent quantities, but the Christof-
fel symbols, i.e., combinations of the metric components
g

and their derivatives. In the above calculations we
use that fact that the covariant derivative r of  with

























































of D, resulting from cutting D with the surface

























Now, we are going to prove that the analogous formula
is valid also for the singular part of the gravitational La-




































. Because all these quan-
tities are invariant, geometric objects (Æ  is a tensor!),
we may calculate them in an arbitrary coordinate sys-
tem. Hence, we may use our adapted coordinate system
described in previous Sections, where coordinate x
3
is


















































; it is merely a combination of the
Christoel symbols, which arises frequently in our cal-
culations. It has been introduced for technical reasons
only.) The following combination of the connection coef-








































In Appendix A we analyze in detail the structure of quan-
tity
e
Q. As a combination of the connection coeÆcients, it
does not dene any tensor density. But it diers from the
external curvature Q(X) of S introduced in Section III,
only by terms containing metric components and their
derivatives along S. Jumps of these terms across S van-



































































Now, we calculate the variation of the matter part
L
matter




























































where we used denition (5.8) and have introduced the














Finally, we obtain the following formula for the variation


































































in a neighborhood of the boundary @D of the spacetime
region D (this assumption will be later relaxed, when
deriving Hamiltonian structure of the theory). Hence,
5
In [9] the above formula was proved for regular spacetimes.
In [12] its validity was extended to spacetimes with a three-
dimensional, non-degenerate curvature-singularity. Here, we
have shown that it is also valid for a light-like curvature-
singularity.
10
the last two boundary terms of the above formula van-
ish when integrated over D. Vanishing of the variation
ÆA = 0 with xed boundary values implies, therefore, the
Euler-Lagrange equations (5.9) for the matter eld z
K
,
together with Einstein equations for gravitational eld.




must be satised outside of S and the singular part must





, we write it in the following form, equivalent








Summing up singular and regular parts of the above
quantities we may write the \total Einstein equations"



































































biguity remains and T








similarly as the quantity G

. This ambiguity is annihi-
lated when contracted with Æg

.
VII. DYNAMICS OF THE TOTAL SYSTEM
\GRAVITY + SHELL": HAMILTONIAN
DESCRIPTION
Field equations of the theory (Euler-Lagrange equa-
tions for matter and Einstein equations|both singular


























Indeed, eld equations are equivalent to the fact that the
volume terms (6.25) in the variation of the Lagrangian
must vanish identically. Hence, the entire dynamics of
the theory of the system \matter + gravity" is equivalent
to the demand, that variation of the Lagrangian is equal
to boundary terms only. Similarly as in equation (6.14),
we may use denition of 


and express it in terms
6
Formula (7.1) is analogous to formula: dL(q; _q) = (pdq)_= _pdq+
pd _q in mechanics, which contains both the dynamical equation:
_p = @L=@q, and the denition of the canonical momentum: p =
@L=@ _q. For detailed analysis of this structure see [9].
of the contravariant density of metric 






































As soon as we choose a (3+1)-decomposition of the space-
timeM , our eld theory will be converted into a Hamil-
tonian system, with the space of Cauchy data on each of
the three-dimensional surfaces playing role of an innite-
dimensional phase space. Let us choose coordinate sys-
tem adapted to this (3+1)-decomposition. This means
that the time variable t = x
0
is constant on three-
dimensional surfaces of this foliation. We assume that
these surfaces are space-like. To obtain Hamiltonian for-
mulation of our theory we shall simply integrate equation
(7.1) (or|equivalently|(7.3)) over such a Cauchy sur-
face 
t
M and then perform Legendre transformation
between time derivatives and corresponding momenta.
In the present paper we consider the case of an asymp-
totically at spacetime and assume that also leaves 
t
of
our (3+1)-decomposition are asymptotically at at inn-
ity. To keep control over 2-dimensional surface integrals
at spatial innity, we rst consider dynamics of our \mat-
ter + gravity" system in a nite world tube U , whose
boundary carries a non-degenerate metric of signature
( ;+;+). At the end of our calculations, we shift the
boundary @U of the tube to space-innity. We assume
that the tube contains the surface S together with our
light-like matter travelling over it.
Denoting by V := U \ 
t
the portion of 
t
which is
contained in the tube U , we thus integrate (7.3) over the
nite volume V  
t
and keep surface integrals on the
boundary @V of V . They will produce the ADM mass as
the Hamiltonian of the total \matter + gravity" system
at the end of our calculations, when we pass to innity
with @V = 
t
\ @U . Because our approach is geomet-
ric and does not depend upon the choice of coordinate
system, we may further simplify our calculations using
coordinate x
3
adapted to both S and to the boundary


































































where by \dot" we denote time derivative. In the above
formula we have skipped the two-dimensional divergen-
cies which vanish when integrated over surfaces @V and
V \ S.
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the time-like component of the momentum canoni-



























The last term, put on the left-hand side of (7.4), meets
the matter Lagrangian and produces the matter Hamil-























To perform also Legendre transformation in gravitational
degrees of freedom we follow here method proposed by
one of us (see [9]). For this purpose we rst observe that,






































denotes the external curvature of  written in







































denotes the external curvature of the tube
@U written in the ADM form. A simple proof of these
formulae is given in Appendix D1.
Using these results and skipping the two-dimensional
divergencies which vanish after integration, we may
































































The last integral may be rewritten in terms of the hy-
perbolic angle  between surfaces  and @U , dened as:



























































































































Æ  _Æ) + Æ( _).





















































































Splitting the component G
0
0
of the Einstein tensor into
































The regular part of Einstein tensor density reg (G

) van-













meets the matter hamiltonian 
0
0
(see formula (7.6)) and













= 0 : (7.17)




































































Using results of [9] it may be easily shown that pushing
the boundary @V to innity and handling in a proper way
the above three surface integrals over @V , one obtains
in the asymptotically at case the standard Hamiltonian
formula for both gravitational and matter degrees of free-
dom, with the ADM mass (given by the resulting surface
integral at innity) playing role of the total Hamiltonian.








































where H is the \total hamiltonian", equal to the












) on a three-
dimensional space-like surface V
t
and denote by ~g
kl
the
three-dimensional metric inverse to g
kl
. Moreover, we








dimensional scalar curvature of g
kl









We are going to prove that these data must fulll con-








into the spatial (tangent to V
t
) part
and the time-like (normal to V
t


































Here by n we have denoted the future orthonormal vector













Formula (7.20) is analogous to formula:  dH(q; p) = _pdq   _qdp
in mechanics. In a non-constrained case this formula is equiv-
alent to the denition of the Hamiltonian vector eld ( _p; _q) via
Hamilton equations: _p =  @H=@q, and _q = @H=@p. We stress,
however, that the formula is much more general and is valid also
for constrained systems, when the eld is not unique, but given
only \up to a gauge". For detailed analysis of this structure see
[9].
Vacuum Einstein equations outside and inside of S imply
vanishing of the regular part of G
0

. Hence, the regular





































\S, can be derived as follows.
Singular part of three dimensional derivatives of the
ADM momentum P
kl






























Components of the ADM momentum P
kl
are regular,













Singular part of the three-dimensional scalar curvature


















































































because derivatives tangent to S are continuous. But ex-
pression in square brackets is equal to the external cur-





















































Equations (8.3) and (8.7) give a generalization (in the
sense of distributions) of the usual vacuum constraints
(vector and scalar respectively).
Now, we will show how the distributional matter lo-
cated on S
t




and [k], entering into the singular part of the con-




two-dimensional part tangent to S
t
and the transversal
part (along null rays).
The tangent to S
t










































= 0. In Appendix E we show that this









= 0 : (8.11)
We remind the reader that the singular part of G
0
3
cannot be dened in any intrinsic way. Consequently, we
have only three constraints for the singular part (8.11)
and (8.9). The fourth constraint (in a non-degenerate
case) has been replaced here by the degeneracy condi-
tion det g
ab
for the metric on S. Equations (8.9), (8.11)
together with (8.3) and (8.7) are the initial value con-
straints.
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APPENDIX A: STRUCTURE OF THE
SINGULAR EINSTEIN TENSOR


























in terms of the following combinations of Christoel sym-






































Terms quadratic in A's may have only step-like dis-
continuities. The derivatives along S are thus bounded
and belong to the regular part of the Ricci tensor. The
singular part of the Ricci tensor is obtained from the
transversal derivatives only. In our adapted coordinate
system, where x
3














where by Æ we denote the Dirac delta-distribution and
by square brackets we denote the jump of the value of
the corresponding expression between the two sides of S.


































































is coordinate-dependent and, therefore, does not dene
any geometric object. For this purpose we are going to








of S. We use the form of the
















































































































































































j = M . Moreover,
the object 
a



























































































It may be easily checked (see, e.g., [10], page 406) that







































Since X is orthogonal to S, we have X
a
= 0. Due to









































 0 ; (A14)




= 0 (see [10]). Now we are going to








































































































ln (M ) ;
it is suÆcient to calculate  
3
3a
































































































































































































































































































































We are ready to prove the following



























































































































































so we get (A24).






























]. From continuity of the metric across S we obtain
[l
ab
] = sM [A
3
ab







] = 0 : (A27)
On the other hand the jump of A
3
3
is in general non-
























































































On the other hand the jump of A
3
33






























































































































] = 0 ;








] which is crucial
to admit that the object G
a
b
is a well dened geometric
object on S. On the contrary, the object G
ab
is not a
geometric object because depends on a choice of coordi-




























































It may be easily checked (see [10]) that the above quantity
transforms in a homogeneous way with respect to coordi-
nate transformation on S. This proves that the compo-
nents G
ab
do not dene any tensor density on S. An in-
dependent argument for this statement may be produced
as follows. Begin with a coordinate system in which we






































































) may be calculated as follows:
~













































































































which does not need to vanish in a generic case.
APPENDIX B: GAUSS-CODAZZI EQUATIONS
We begin with the Lie derivative of a connection   with




















































































































































































































































































































































































































































 0 : (B7)
To calculate the last term of (B7) we use the following

























































































































































































































































Now, the proof of (3.2) is roughly a straightforward
calculation starting from equation (B7) and consequent











describing the 4-dimensionalmetric g

. It turns out that
the terms containing M;N and m
A
drop out. Inserting


































































































































































Formula (B11) is equivalent to (3.2) if we use (A16), and
keep in mind the \gauge" condition X(x
0
) = 1, used
thoroughly in this proof.
APPENDIX C: PROOF OF LEMMA (V.1) AND
EXAMPLES OF INVARIANT LAGRANGIANS
Since the matter Lagrangian (5.1) is an invariant scalar
density, its value may be calculated in any coordinate sys-
tem. For purposes of the proof let us restrict ourselves to
local coordinate systems (x
a
) on S which are compatible







) are two such local systems
in a neighborhood of a point x 2 S. Suppose, moreover,
that both vectors @
0
coincide. It is easy to see that these
conditions imply the following form of the transformation















Three-dimensional Jacobian of such a transformation is





serve that the two-dimensional part g
AB
of the metric g
ab
transforms according to the same two-dimensionalmatrix
and, whence, its determinant  gets multiplied by the














does not change value during such a transformation. A


































































, whereas the remaining vari-
ables of the function (C4) (and also its value) will remain





























which must be valid for any conguration of the eld
z
K



























Relaxing condition (C2) and admitting arbitrary time co-
ordinates y
0
, we easily see that the dependence of (C8)
upon its second variable must annihilate the (homoge-
neous of degree minus one) dependence of the density v
X
upon the eld X in formula (5.2). This proves that f





As an example of an invariant Lagrangian consider a
theory of a light-like \elastic media" described by mate-
rial variables z
A
, A = 1; 2, considered as coordinates in a
two-dimensional material space Z, equipped with a Rie-
mannian \material metric" 
AB
. Moreover, take a scalar
eld . Then for numbers  and  > 0, satisfying iden-
tity 2 +  = 1, and for any function  of one variable,
the following Lagrangian density:































fullls properties listed in Lemma (V.1) and, therefore, is
invariant. If  is constant, a possible physical interpreta-
tion of the variable  as a \thermodynamical potential",
may be found in [14].
APPENDIX D: REDUCTION OF THE
GENERATING FORMULA
1. Proof of formulae (7.7) and (7.8)
We reduce the generating formula with respect to con-










































































































































(D1) and (D2) become constraints on the boundary of
















































































































2. Proof of formula 7.11































































































3. Proof of formula 7.13

































































































(due to Bianchi identities the right hand side is automat-
ically symmetric with respect to lower indices). Hence






































































The covariant derivative r

has been replaced in the
last equation by the partial derivative @

, because they
both coincide when acting on antisymmetric, covariant























































D is regular, because singular expressions contained in
its denition cancel out, as implied by equation (D12).
Hence, we treat D as a regular expression, and there is
















































From denition of  we also have:
















































































The left-hand side of the above equation is regular, but






















































Stokes theorem. From derivatives in x
3
-direction there




, giving regular expression as a nal result.















































what completes the proof of formula (7.13).
APPENDIX E: PROOF OF THE CONSTRAINT
(8.11)
Using the decomposition (A7), (A8) of the metric, one















































) + n : (E1)
































in terms of the canonical ADM momen-
tum P
kl































































+ [k] = 0 : (E4)
















































The above form of ~g
kl
can be used to rewrite the canon-


































and nally we obtain the constraint (8.11).
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